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The purpose of this paper is to investigate the existence of solutions for a class
 .of generalized nonlinear inequalities GNVI and generalized nonlinear quasi-
 .variational inequalities GNQVI with non-monotone set-valued operators defined
on non-compact sets in locally convex Hausdorff topological vector spaces. Results
that generalize and unify corresponding recent results of Ding and Tarafdar are
derived. Q 1996 Academic Press, Inc.
1. INTRODUCTION
 .Let F denote a scalar field either the real field or the complex field .
Let E, F be vector spaces over F and X be a nonempty subset of E. Let
 :, : F = E ª F be a bilinear functional. Given a mapping T : X ª F,
 .the classical ¨ariational inequality problem, denoted by VI T , X , is to find
an x g X such thatÃ
 :Re Tx , x y y F 0 for all y g X .Ã Ã
This original problem has been extensively studied in finite and infinite
 w xdimensional spaces and abstract spaces e.g., 1]5 and the references
. w xtherein . Since Browder's paper 6 appeared, the generalized nonlinear
variational inequalities have been investigated involving monotone or
 w xnon-monotone types under different conditions e.g., 7]9 and the refer-
.ences therein .
Given a point-to-set mapping T : X ª 2 F, we have the generalized ¨aria-
w x  .tional inequality problem 10 , denoted by GVI T , X , that is to find an
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x g X and an w g Tx such thatÃ Ã Ã
 :Re w , x y y F 0 for all y g X .Ã Ã
When X is dependent on the variable x, we are given point-to-set
mappings T : X ª 2 F and S: X ª 2 X, the quasi-¨ ariational inequality prob-
w x  .lem 11 , denoted by QVI T , S , is to find an x g X such that x g Sx andÃ Ã Ã
 :Re Tx , x y y F 0 for all y g Sx .Ã Ã Ã
Let T : X ª 2 F and S: X ª 2 X be point-to-set mappings, the general-
w x  .ized quasi-¨ ariational inequality problem 12 , denoted by GQVI T , S , is to
 .find x, w g X = F such that x g Sx, w g Tx, andÃ Ã Ã Ã Ã Ã
 :Re w , x y y F 0 for all y g Sx .Ã Ã Ã
 .The above generalized quasi-variational inequalities clearly extend the
 .generalized variational inequalities and have been extensively studied
 w x .e.g., 13]15 and the references therein . They have been applied in
w xdiverse courses, see, e.g., 15]18 and the references therein. Recently, the
existence results of equilibrium for quasi-variational inequalities have been
applied to problems in games theory, impulsive control, and economics
 w x .e.g., 15, 19, 20, 21 and the references therein .
In this paper, we shall investigate the generalized nonlinear quasi-
variational inequalities. We shall first study the following generalized
nonlinear variational inequality and obtain some existence results. Then
using these results, we shall derive the existence results for the generalized
nonlinear quasi-variational inequality problem.
Given a point-to-set mapping T : X ª 2 F, a single value mapping
g : X ª E, and a functional b: X = X ª R, the generalized nonlinear ¨aria-
 .tional inequality problem, denoted by GNVI T , g, b, X , is to find an x g XÃ
and a w g Tx such thatÃ Ã
 :Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã Ã
w x  .Ding and Tarafdar 22 studied the GNVI under locally convex topologi-
cal vector space setting where F is the topological dual space E* of E.
Given point-to-set mappings T : X ª 2 F and S: X ª 2 X, single value
mapping g ; X ª E and functional b: X = X ª F, the generalized non-
 .linear quasi-¨ ariational inequality problem, denoted by GNQVI T , g, b, S , is
to find x g Sx and w g Tx such thatÃ Ã Ã Ã
 :Re w , g x y g y q b x , x y b x , y F 0 for all y g Sx . .  .  .  .Ã Ã Ã Ã Ã Ã
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When g is the identity mapping and b: X = X ª F is replaced by h: X ª
 .R, where R denotes real field, the GNQVI becomes the problem studied
w xby Chang and Zhang in 13, Theorem 1 . Some other special cases have
w x  .been studied in 15, 19, 23 and the references therein. In fact, the GNVI
 .and GNQVI are more general and unifying for studying variational
inequalities.
2. PRELIMINARIES
Throughout this section, we give some terminologies and notations
which will be used in the rest of this paper.
DEFINITION 2.1. Let E be a topological vector space. Let f : E ª R be
a real-valued function.
 .i The function f is said to be lower semicontinuous on X if for any
  . 4real number a , the set x g E: f x F a is a closed set.
 .ii The function f is said to be upper semicontinuous on X if yf is
lower semicontinuous on X.
For a point-to-set mapping, a generalization of the notion of continuity
is defined as the following.
DEFINITION 2.2. Let E and F be topological vector spaces. Let
T : E ª 2 F be a set-valued mapping.
 .i The mapping T is said to be upper semicontinuous at x g E if0
 .and only if, for any neighborhood V of 0 zero of vector space in F, there
 .exists a neighborhood U x of x in E such that0 0
Tx ; Tx q V for all x g U x . .0 0
 .ii The mapping T is said to be upper semicontinuous on X if it is
upper semicontinuous at every x g X.
 .A nonempty subset A of E is said to be compactly closed open , if for
 .each nonempty compact subset D of E, A l D is closed open in D.
 4A function w : X = X ª R j "` is said to be 0-diagonally conca¨e
w x  424 in the second argument, if for any finite subset x , . . . , x of X, and1 n
nonnegative numbers l , . . . , l with n l s 1, we have1 n is1 i
n
l w x , x F 0, . i i
is1
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n Fwhere x s  l x . Given mappings T : X ª 2 and g : X ª E, T and gis1 i i
w xare said to have 0-diagonally conca¨e relation 22 if the function w : X =
 4X ª R j "` defined by
 :w x , y s inf Re w , g x y g y .  .  .
wgTx
is 0-diagonally concave in y.
The following lemmas will be used for proving our main results in the
next section. We first note that co A denotes the convex hull of the set A.
w xLEMMA 2.1 25, Theorem 30; 20, Lemma 1 . Let X be a nonempty
con¨ex subset of a topological space and T : X ª 2 X be a set-¨ alued mapping
satisfying the following conditions:
 . y1  4i for each y g X, T y s x g X : y g Tx is compactly open in X ;
 .ii there exist a nonempty compact con¨ex subset K of X and a
nonempty compact subset D of X such that for each y g X _ D, there is an
  4.x g co K j y with x g co Ty.
Then there exists an x g X such that x g co Tx.Ã Ã Ã
w xLEMMA 2.2 13, Lemma 2 . Let E be a locally con¨ex Hausdorff topologi-
cal space, X a nonempty con¨ex subset of E, and D a nonempty compact
subset of X. If T : X ª 2 D satisfies the following conditions,
 .i co Tx ; D for all x g X ;
 . y1ii for each y g X, T y is an open subset of E;
then there exists an x g X such that x g co Tx.Ã Ã Ã
LEMMA 2.3. Let E and F be topological ¨ector spaces o¨er F and X be a
nonempty bounded subset of E. Let T : X ª 2 F be an upper semicontinuous
 :mapping with compact ¨alues, , : F = E ª F be a bilinear functional,
 .   .  .:and g : X ª E be such that for each y g E, f , x ¬ Re f , g x y g y is
lower semicontinuous. For each y g E, let H : X ª R be defined byy
 :H x s inf Re w , g x y g y ; x g X , .  .  .y
wgTx
 .then H x is lower semicontinuous.y
w xProof. We proceed with the argument as in 26, Proposition 21, p. 120 .
We need to show for any x g X and « ) 0, there exists an open0
 .neighborhood N x of x such that0 0
H x G H x y « ; x g N x . .  .  .y y 0 0
Let W: F = X ª R be defined by
 :W f , x s Re f , g x y g y . .  .  .
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Then W is lower semicontinuous. For any f g Tx , since W is lower0
 .  .semicontinuous at f , x , there exist open neighborhoods N f of f and0
 .N x of x , such thatf 0 0
; f 9 g N f , ; x g N x , W f 9, x G W f , x y « . .  .  .  .f 0 0
 .Since Tx is compact, it can be covered by n neighborhoods N f .0 i
Therefore
n
N [ N f .D i
is1
is a neighborhood of Tx . Since T is upper semicontinuous, there is a0
 .neighborhood N x such that0 0
; x g N x , Tx : N. .0 0
Let
n
N x [ N x l N x . .  .  .F0 0 0 f 0i /
is1
 .For each x g N x and for each w g Tx, since Tx : N and w g N, we0
have
w g N f for some i . .i
 .Therefore, since x g N x ,f i 0
W w , x G W f , x y « for each w g Tx . .  .i 0
Hence
H x s inf W w , x G W f , x y « .  .  .y i 0
wgTx
 :s Re f , g x y g y y « .  .i 0
 :G inf Re f , g x y g y y « .  .0
fgTx0
s H x y « . .y 0
Consequently, H is lower semicontinuous at x and the proof is complete.y
w xWe also need the following Kneser minimax theorem 27 .
 .LEMMA 2.4 Kneser . Let X be a nonempty con¨ex set in a ¨ector space
and let Y be a nonempty compact con¨ex Hausdorff topological ¨ector space.
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Suppose that w is a real-¨ alued functional on X = Y such that for each fixed
 .x g X, w x, y is lower semicontinuous and con¨ex on Y, and for each fixed
 .y g Y, w x, y is conca¨e on X. Then
min sup w x , y s sup min w x , y . .  .
ygY ygYxgX xgX
3. MAIN RESULTS
 .In this section, we first derive some existence results for GNVI , then
 .we employ these results to derive some existence results for GNQVI .
THEOREM 3.1. Let E be a locally con¨ex Hausdorff topological ¨ector
space o¨er F and X be a nonempty bounded con¨ex subset of E. Let F be a
 :topological ¨ector space o¨er F. Let , : F = E ª F be a bilinear func-
tional. Suppose that
 . Fi T : X ª 2 is an upper semicontinuous mapping with compact
¨alues;
 .  .   .ii g : X ª E is such that for each y g E, f , x ¬ Re f , g x y
 .:g y is lower semicontinuous and such that T and g ha¨e the 0-diagonally
conca¨e relation;
 .  . 4iii b: X = X ª R is lower semicontinuous in x, x N x g X such
 .that for each x g X, b x, ? is a con¨ex function; and b is upper semicontinu-
ous in its first ¨ariable;
 .iv there exist a nonempty compact con¨ex subset K of X and a
nonempty compact subset D of X such that for each y g X _ D, there is an
  4.x g co K j y satisfying
 :x g co z g X : inf Re w , g y y g z q b y , y y b y , z ) 0 . .  .  .  . 4w g T y
Then there exists x g X such thatÃ
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã
wgTxÃ
1 .
If , in addition, Tx is con¨ex and g is affine, then there exists w g Tx such thatÃ Ã Ã
 :Re w , g x y g y q b x , x y b x , y F 0 for all y g X . 2 .  .  .  .  .Ã Ã Ã Ã Ã
w x  .Proof. We proceed with the argument as in 22 . Suppose that 1 does
not hold. Then for each x g X, there exists a z g X such that
 :inf Re w , g x y g z q b x , x y b x , z ) 0. 3 .  .  .  .  .
wgTx
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Now we define a mapping P: X ª 2 X by
 :Px s y g X : inf Re w , g x y g y q b x , x y b x , y ) 0 , 4 .  .  .  .w g T x
for all x g X. We first claim that for each y g X, Py1 y is compactly open
Ãin X. Let D be any nonempty compact subset of X. Then
Ã y1 Ã  :D l X _ P y s D l x g X : inf Re w , g x y g y  .  . . w g T x
qb x , x y b x , y F 04 .  .
Ã  :s x g D : inf Re w , g x y g y .  . w g T x
qb x , x y b x , y F 0 . .  . 4
Ã y1 4  .Let x be a net in D l X _ P y such that x converges toa a g G a
x g X. Then for all a g G, we have0
 :inf Re w , g x y g y q b x , x y b x , y F 0. .  .  .  .a a a a
wgTxa
 .By iii and Lemma 2.3, we have
 :inf Re w , g x y g y q b x , x y b x , y F 0. .  .  .  .0 0 0 0
wgTx0
Ã y1 Ã y1 .This implies that D l X _ P y is closed in D, so that X _ P y is
compactly closed in X, and then Py1 y is compactly open in X.
 .   4.Next, by assumption iv , there is an x g co K j y satisfying x g
co Py. Therefore, by Lemma 2.1, there exists a x g X such that x g co Px.
 4Then, there exist finite subset x , . . . , x of Px and nonnegative l , . . . , l1 n 1 n
n nwith  l s 1 such that x s  l x . Hence, we haveis1 i is1 i i
 :inf Re w , g x y g x q b x , x y b x , x ) 0 .  .  .  .i i
wgTx
for all i s 1, . . . , n.
Moreover, we note that T and g have the 0-diagonally concave relation
 .and b x, ? is a convex function, so that
 :0 s inf Re w , g x y g x q b x , x y b x , x .  .  .  .
wgT x
n n
 :G l inf Re w , g x y g x q b x , x y l b x , x .  .  .  . i i i i
wgT xis1 is1
n
 :s l inf Re w , g x y g x q b x , x y b x , x .  .  .  . i i i
wgT xis1
) 0,
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 .which is a contradiction. Hence the hypothesis 3 is wrong and there must
exist x g X such thatÃ
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X , .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .i.e., the conclusion 1 holds.
For the second part of the theorem, we first define a real functional
w : X = Tx ª R byÃ
 :w x , w s Re w , g x y g x q b x , x y b x , x , .  .  .  .  .Ã Ã Ã Ã
for x , w g X = Tx . . Ã
 .We observe that for each x g X, w ¬ w x, w is a lower semicontinuous
 .  :affine functional, and for each w g Tx, x ¬ w x, w is concave since ,Ã
 .is bilinear, g is affine and b x, x is convex in x. Moreover, since X isÃ
convex and Tx is compact convex, by Lemma 2.4 Kneser's minimaxÃ
.theorem , we have
min sup w x , w s sup min w x , w . .  .
wgTx wgTxÃ ÃxgX xgX
By using the first part of Theorem 3.1, we get
 :min sup Re w , g x y g y q b x , x y b x , y F 0. 4 .  .  .  .Ã Ã Ã Ã
wgTxÃ ygX
 .Since Tx is compact, there exists a w g T x such thatÃ Ã Ã
 :sup Re w , g x y g y q b x , x y b x , y 4 .  .  .  .Ã Ã Ã Ã Ã
ygX
 :s min sup Re w , g x y g y q b x , x y b x , y , 4 .  .  .  .Ã Ã Ã Ã
wgTxÃ ygX
and hence
 :Re w , g x y g y q b x , x y b x , y F 0 for all y g X , .  .  .  .Ã Ã Ã Ã Ã
 .i.e., the conclusion 2 holds. The proof is now complete.
w xTheorem 3.1 generalizes 22, Theorem 3.1 . When T : X ª F is a single-
valued mapping, we have the following existence result.
COROLLARY 3.1. Let spaces E, F, and the set X be the same as in
 :Theorem 3.1. Let the bilinear functional , : F = E ª F, and functions
g : X ª E, b: X = X ª R be also the same as in Theorem 3.1. Suppose that
T : X ª F is continuous and there exist a nonempty compact con¨ex subset K
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of X and a nonempty compact subset D of X such that for each y g X _ D,
  4.there is an x g co K j y satisfying
 :x g co z g X : Re Ty , g y y g z q b x , x y b x , z ) 0 . 4 .  .  .  .
Then there exists x g X such thatÃ
 :Re Tx , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã Ã
 .If the set X in Theorem 3.1 is also compact, then condition iv of
Theorem 3.1 is automatically satisfied. Hence the following result is a
consequence of Theorem 3.1.
COROLLARY 3.2. Let spaces E and F be the same as in Theorem 3.1 and
X be a nonempty compact con¨ex subset of E. Let the bilinear functional
 : F, : F = E ª F, the mapping T : X ª 2 , and functions g : X ª E,
b: X = X ª R be also the same as in Theorem 3.1. If , in addition, Tx isÃ
 .con¨ex and g is affine, then the GNVI is sol¨ able.
 .In Theorem 3.1, we can replace the assumption iv by other conditions.
THEOREM 3.2. Let spaces E, F, and the set X be the same as in Theorem
3.1 and D a nonempty compact con¨ex subset of X. Let the bilinear functional
 : F, : F = E ª F, the mapping T : X ª 2 , and the function b; X = X ª
R be also the same as in Theorem 3.1. Suppose that
 .  .   .i g : X ª E is such that for each y g E, f , x ¬ Re f , g x y
 .:   .:g y is lower semicontinuous and for each f g F, Re x ¬ f , g x is a
con¨ex functional;
 .ii for each x g X _ D
 :inf Re w , g y y g x q b y , y y b y , x F 0 for all y g X . .  .  .  .
wgTy
Then there exists x g X such thatÃ
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã
wgTxÃ
Proof. Suppose that Theorem 3.2 does not hold. Then for each x g X,
there exists a z g X such that
 :inf Re w , g x y g z q b x , x y b x , z ) 0. 4 .  .  .  .  .
wgTx
 . DHence by condition ii , we must have z g D. Let P: X ª 2 be defined
by
 :Px s y g D : inf Re w , g x y g y q b x , x y b x , y ) 0 . 4 .  .  .  .w g T x
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Then, for each x g X, Px is nonempty. We first claim that for each
y1  4 y1y g D, P y is an open set in X. Let x be a net in X _ P y sucha a g G
that x converges to x g X. Then for all a g G, we havea 0
 :inf Re w , g x y g y q b x , x y b x , y F 0. .  .  .  .a a a a
wgTxa
 . 4Since b is lower semicontinuous in x, x N x g X and upper semicontinu-
ous in its first variable and by Lemma 2.3, the function
 :x ¬ inf Re w , g x y g y .  .w g T x
is also lower semicontinuous. Thus we have
 :inf Re w , g x y g y q b x , x y b x , y F 0. .  .  .  .0 0 0 0
wgTx0
This implies that X _ Py1 y is closed in X, and then Py1 y is an open
subset of X. Next, we will prove that for each x g X, Px is a convex subset
 4of D. Let x , . . . , x be any finite subset of Px, l , . . . , l be nonnegative1 n 1 n
n nsuch that  l s 1 and x s  l x . Then, we haveis1 i is1 i i
 :inf Re w , g x y g x q b x , x y b x , x ) 0 .  .  .  .i i
wgTx
for each i s 1, . . . , n.
  .:  .Since x ¬ Re f , g x is a convex functional, and b x, ? is a convex
function,
 :inf Re w , g x y g x q b x , x y b x , x .  .  .  .
wgTx
n
 :G inf Re w , g x y l g x q b x , x y b x , x ) 0. .  .  .  . i i i
wgTxis1
 .Furthermore, in view of condition ii , we know that x g D. Hence x g Px,
so that Px is a convex set. Therefore, by Lemma 2.2, there exists a x g X
such that x g Px, it follows that x g D and
 :0 s inf Re w , g x y g x q b x , x y b x , x ) 0, .  .  .  .
wgT x
 .which is a contradiction. Hence the hypothesis 4 is wrong and there must
exist x g X such thatÃ
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X , .  .  .  .Ã Ã Ã Ã
wgTxÃ
and we complete the proof.
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 .In the rest of this paper, we shall investigate the GNQVI . First we
have the following result.
THEOREM 3.3. Let E be a locally con¨ex Hausdorff topological ¨ector
space o¨er F and X be a nonempty bounded subset of E. Let F be a
 :topological ¨ector space o¨er F. Let , : F = E ª F be a bilinear func-
tional. Suppose that
 . Xi S: X ª 2 is a set-¨ alued mapping with nonempty ¨alues;
 . Fii T : X ª 2 is an upper semicontinuous mapping with compact
¨alues;
 .  .   .iii g : X ª E is such that for each y g E, f , x ¬ Re f , g x y
 .:g y is lower semicontinuous and such that T and g ha¨e the 0-diagonally
conca¨e relation;
 .  . 4iv b: X = X ª R is lower semicontinuous in x, x N x g X such
 .that for each x g X, b x, ? is a con¨ex function; and b is upper semicontinu-
ous in its first ¨ariable;
 .v there exist a nonempty compact con¨ex subset K of X and a
nonempty compact subset D of X such that for each y g X _ D, there is an
  4.x g co K j y satisfying
 :x g co z g X : inf Re w , g y y g z q b y , y y b y , z ) 0 ; .  .  .  . 4w g T y
 .vi for each z g X and any x g X _ Sz
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g X . .  .  .  .
wgTx
Then there exists x g X such that x g Sx andÃ Ã Ã
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .  .Proof. By assumption ii ] v and Theorem 3.1, there exists an x g XÃ
such that
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã
wgTxÃ
5 .
 .By assumption vi , we have that x g Sx. In fact, suppose that x f Sx, thenÃ Ã Ã Ã
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g X .  .  .  .Ã Ã Ã Ã
wgTxÃ
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and therefore
 :inf Re w , g x y g y q b x , x y b x , y ) 0 for all y g X , .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .which contradicts 5 .
We now complete the proof.
 .If we add assumption vi in Theorem 3.3 to Theorem 3.2, then we have
the following result as Theorem 3.4.
THEOREM 3.4. Let spaces E, X, D, and F be the same as in Theorem 3.2.
 : FLet the bilinear functional , : F = E ª F, the mapping T : X ª 2 , and
the functions g : X ª E, b: X = X ª R be also the same as in Theorem 3.2.
Suppose that
 . Xi S: X ª 2 is a set-¨ alued mapping with nonempty ¨alues;
 .ii for each x g X _ D
 :inf Re w , g y y g x q b y , y y b y , x F 0 for all y g X ; .  .  .  .
wgTy
 .  .iii for each z g X and any x g X _ S z
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g X . .  .  .  .
wgTx
Then there exists x g X such that x g Sx andÃ Ã Ã
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .Proof. By assumption ii and Theorem 3.2, there exists an x g X suchÃ
that
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g X . .  .  .  .Ã Ã Ã Ã
wgTxÃ
6 .
 .By assumption iii , we have that x g Sx. In fact, suppose that x f Sx,Ã Ã Ã Ã
then
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g X .  .  .  .Ã Ã Ã Ã
wgTxÃ
and hence
 :inf Re w , g x y g y q b x , x y b x , y ) 0 for all y g X , .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .which contradicts 6 . Thus the conclusion holds.
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 .We now derive the following existence result for problem GNQVI .
THEOREM 3.5. Let E be a locally con¨ex Hausdorff topological ¨ector
space o¨er F and X be a nonempty con¨ex subset of E. Let F be a topological
 :¨ector space o¨er F. Let , : F = E ª F be a bilinear functional.
Suppose that
 . Xi S: X ª 2 is such that for each x g X, Sx is a nonempty bounded
con¨ex subset of X ;
 . Fii T : X ª 2 is an upper semicontinuous mapping with compact
¨alues;
 .  .   .iii g : X ª E is such that for each y g E, f , x ¬ Re f , g x y
 .:g y is lower semicontinuous and such that F and g ha¨e the 0-diagonally
conca¨e relation;
 .  . 4iv b: X = X ª R is lower semicontinuous in x, x N x g X such
 .that for each x g X, b x, ? is a con¨ex function; and b is upper semicontinu-
ous in its first ¨ariable;
 .v for each z g X, there exist a nonempty compact con¨ex subset K of
X and a nonempty compact subset D of X such that for each y g X _ D, there
  4.is an x g co K j y satisfying
 :x g co ¨ g Sz : inf Re w , g y y g ¨ q b y , y y b y , ¨ ) 0 ; .  .  .  . 5
wgTy
 .  .vi for each x g S X _ F Szz g X
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g S X ; .  .  .  .  .
wgTx
 .vii if F Sz / B, then F Sz is a singleton.z g X z g X
Then there exists x g X such that x g Sx andÃ Ã Ã
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g Sx . .  .  .  .Ã Ã Ã Ã Ã
wgTxÃ
7 .
If , in addition, Tx is con¨ex and g is affine, then there exists w g Tx such thatÃ Ã Ã
 :Re w , g x y g y q b x , y y b x , x F 0 for all y g Sx . 8 .  .  .  .  .Ã Ã Ã Ã Ã Ã
Proof. For z g X, Sz is a nonempty bounded convex subset of X. By
 .assumption v and Theorem 3.1, there exists a x g Sz ; X such thatÃ
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g Sz . .  .  .  .Ã Ã Ã Ã
wgTxÃ
9 .
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We claim x g F Sz. Suppose that this is not the case, i.e., x fÃ Ãz g X
F Sz orz g X
x g S X _ Sz . .Ã F
zgX
 .By assumption vi , we have
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g S X , .  .  .  .  .Ã Ã Ã Ã
wgTxÃ
i.e.,
 :inf Re w , g x y g y q b x , x y b x , y ) 0 for all y g S X . .  .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .Since Sz is a subset of S X , the above inequality implies
 :inf Re w , g x y g y q b x , x y b x , y ) 0 for all y g Sz , .  .  .  .Ã Ã Ã Ã
wgTxÃ
 .which contradicts 9 . This shows x g F Sz, so x g Sx.Ã Ã Ãz g X
Since Sx is a nonempty bounded convex subset of X, by Theorem 3.1Ã
again, there exists a x* g Sx ; X such thatÃ
 :inf Re w , g x* y g y q b x*, x* y b x*, y F 0 .  .  .  .
wgTx*
for all y g Sx . 10 .Ã
 .Using assumption vi again, by the same argument as stated above, we can
prove that x* g F Sz, and so x* g Sx*.z g X
 .Now, by assumption vii , F Sz is a singleton, hence x* s x. FromÃz g X
 .  .9 and 10 , we know that there exists an x g Sx ; X such thatÃ Ã
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g Sx , .  .  .  .Ã Ã Ã Ã Ã
wgTxÃ
 .i.e., 7 holds.
If, in addition, Tx is convex and g is affine, by the same argument asÃ
  ..stated in the proof of Theorem 3.1 part 2 , we can derive that there
exists w g Tx such thatÃ Ã
 :Re w , g x y g y q b x , y y b x , x F 0 for all y g Sx , .  .  .  .Ã Ã Ã Ã Ã Ã
 .i.e., 8 holds. The proof is now complete.
By the same argument as that in the proof of Theorem 3.5, we can prove
the following existence result.
THEOREM 3.6. Let E be a locally con¨ex Hausdorff topological ¨ector
space o¨er F and X be a nonempty con¨ex subset of E. Let F be a topological
YU AND YAO192
 :¨ector space o¨er F. Let , : F = E ª F be a bilinear functional.
Suppose that
 . Xi S: X ª 2 is such that for each x g X, Sx is a nonempty bounded
con¨ex subset of X ;
 . Fii T : X ª 2 is an upper semicontinuous mapping with compact
¨alues;
 .  .   .iii g : X ª E is such that for each y g E, f , x ¬ Re f , g x y
 .:   .:g y is lower semicontinuous and for each f g F, x ¬ Re f , g x is a
con¨ex function;
 .  . 4iv b: X = X ª R is lower semicontinuous in x, x N x g X such
 .that for each x g X, b x, ? is a con¨ex function; and b is upper semicontinu-
ous in its first ¨ariable;
 .v for each z g X, there exists a compact set D ; Sz such that for
each x g Sz _ D,
 :inf Re w , g y y g x q b y , y y b y , x F 0 for all y g Sz ; .  .  .  .
wgTy
 .  .vi for each x g S X _ F Szz g X
 :sup Re w , g y y g x q b x , y y b x , x - 0 for all y g S X ; .  .  .  .  .
wgTx
 .vii if F Sz / B, then F Sz is a singleton.z g X z g X
Then there exists x g X such that x g Sx andÃ Ã Ã
 :inf Re w , g x y g y q b x , x y b x , y F 0 for all y g Sx . .  .  .  .Ã Ã Ã Ã Ã
wgTxÃ
If , in addition, Tx is con¨ex and g is affine, then there exists w g Tx such thatÃ Ã Ã
 :Re w , g x y g y q b x , y y b x , x F 0 for all y g Sx . .  .  .  .Ã Ã Ã Ã Ã Ã
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